The purpose of this paper is to classify all pairs (D, G), where D is a non-trivial 2-(v, k, 2) design, and G ≤ Aut(D) acts transitively on the set of blocks of D and primitively on the set of points of D with sporadic socle. We prove that there exists only one such pair (D, G) in which D is a 2-(176, 8, 2) design and G = HS, the Higman-Sims simple group.
Introduction
A 2-(v, k, λ) design D is a set of v points P together with a collection B of distinct k-subsets of P, called blocks, such that any two points lie in exactly λ blocks. We denote the number of blocks by b and the number of blocks containing a point by r. We shall also assume that P is finite, b > 1 and k > 2. It is well known that The classification of block-transitive 2-(v, k, 1) designs is now under way and plentiful results have been achieved, see [5, 7, 8] . Here, we just mention some of results which have been obtained for automorphism with small k. In [9] , the classification of 2-(v, 4, 1) designs with a block-transitive and solvable group of automorphisms has been achieved by Camina and Siemons, and in [13] Li completed the follow-up unsolvable case. In [6] , Camina and Mischke classified block-transitive and point-imprimitive 2-(v, k, 1) designs with k ≤ 8. In 2009, Betten, Delandtsheer, Law et al. [1] further classified this type of 2-(v, k, 1) designs satisfying (k, v − 1) ≤ 8. In particular, Camina and Spiezia proved in [10] that if G is an almost simple group which acts block-transitively on a 2-(v, k, 1) design then Soc(G) cannot be a sporadic group.
In the case of λ = 2, the classification of flag-transitive symmetric 2-(v, k, 2) designs has almost been completed by Regueiro in a sequence of 4 papers, see [15, 16, 17, 18] .
Recently, Liang and Zhou [14] proved that a non-trivial non-symmetric 2-(v, k, 2) design admitting a flag-transitive and point-primitive almost simple automorphism group G with sporadic socle must be the unique 2-(176, 8, 2) design with G = HS, the Higman-Sims simple group. However, for block-transitive 2-(v, k, 2) designs, there are only a few known results. Classifying block-transitive 2-(v, k, 2) designs seems to be a challenging problem.
In this paper, we give a complete classification of block-transitive and point-primitive 2-(v, k, 2) designs with sporadic socle.
Our main result is the following: 
Remark 1
As a matter of fact, the automorphism group G = HS acting on the 2-(176, 8, 2) design is not only block-transitive and point-primitive, but also flag-transitive [14] and antiflag-transitive.
Preliminaries
In this section we collect some basic results that will be used throughout the proof of the main theorem. 
Proof. Parts (1)- (4) The following lemma is crucial for the proof of Theorem 1. Proof. Let ∆ 1 , ∆ 2 , . . . , ∆ s be the orbits of G B on P, so that
Since G B also acts on B, B is an union of G B -orbits, that is,
for some i 1 , i 2 , . . . , i t ∈ {1, 2, . . . , s}. Consequently, the block-length k is the sum of some orbit-lengths of G B on P.
Proof of Theorem 1
We prove Theorem 1 in two subsections. In the first subsection, we apply the properties (1)- (5) in Lemma 2.2 and obtain a number of possible parameters (v, b, r, k, λ) where λ = 2.
In the second subsection, we further analyse these potential designs to exclude or construct them.
Potential 2-(v, k, 2) designs
First we describe briefly how to search for potential block-transitive and point-primitive 2-(v, k, 2) designs with sporadic socle.
In this paper we restrict ourselves to the case when Soc(G) is a sporadic simple group.
Therefore we know that G must be almost simple, that is Soc(G) ✂ G ≤ Aut(Soc(G)).
Let S be an arbitrary sporadic simple group. Then |Out(S)| = 1 or 2 from the Atlas of Finite Group Representations [19] , which we will always refer to as 'the Atlas'. Since S is a non-abelian simple group, it is clear that Z(S), the center of S, has to be the identity. Combining the fact S/Z(S) ∼ = Inn(S) with Aut(S)/Inn(S) ∼ = Out(S), we obtain
Since G is point-transitive (Lemma 2.1), G contains a subgroup G α , the stabilizer of a point α, with index v. Since G is block-transitive, G contains a subgroup G B , the stabilizer of a block B, with index b. As G is point-primitive, the subgroup G α must be maximal in G. For all sporadic groups, except the Monster, the complete list of maximal subgroups can be learned by consulting the Atlas. Therefore, for each sporadic group, we can find the possible values for |G α |, and consequently, for v. blocks or prove such a design does not exist.
In the first part of the proof, apart from the Monster, we have examined all other 25 sporadic simple groups with the aid of the computer algebra system GAP ( [12] ). All possible parameters (v, b, r, k, 2) satisfying properties (1)-(5) are listed in Table 1 below. The case of the Monster will be dealt with separately in the next subsection. 
Remark 2
In each case, the last column of Table 1 indicates that we rule out it by the lemma in subsection 3.2, and the unique symbol D refers to the design we construct in Lemma 3.8 in the next subsection.
Analyzing parameters and corresponding groups
In this section, we analyze the potential parameters in Table 1 and the corresponding automorphism groups. First, Lemmas 3.1-3.6 below prove that in Table 1 which we obtain a unique design. This will complete the proof of Theorem 1.
The commands mentioned in the proof below are performed by the computer algebra system Magma [3] .
Lemma 3.1 Cases 2, 6, 7, 10, 16, 17, 19, 20, [22] [23] [24] [25] [27] [28] [29] [30] 32, [34] [35] [36] [37] [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] 50, 54 and 55 cannot occur.
Proof. Since G is block-transitive, the stabilizer G B of a block B satisfies |G :
Applying the command Subgroups(G : OrderEqual := n) where n = |G|/b to each case, we find that such a subgroup G B does not exist. , there is no maximal subgroup whose order is divisible by |G B | (see [19] ). This means that G B is contained in none of the maximal subgroups of G, contradicting the definition of a maximal subgroup (see [11] ).
Similarly, we can prove that cases 53 and 59 cannot occur.
In case 58, suppose G = J 1 and b = 3990, so that G B has order 44. Inspecting the list of maximal subgroups of J 1 and their orders (see [19] ), the only possibility is that G B is contained in a maximal subgroup of J 1 of order 660. This group is isomorphic to L 2 (11), but L 2 (11) does not contain any maximal subgroup of order divisible by 44 (see [19] ), a contradiction. Proof. Suppose G is the Monster M. For M, the complete list of maximal subgroups has not been finished yet. At present, we obtain 43 known maximal subgroups of M by inspecting the Atlas, and we can check that none of them give rise to a set of parameters for D satisfying properties (1)-(5) in Lemma 2.2. In [4] , each maximal subgroup H of M which is not listed in the Atlas is almost simple with Soc(H) isomorphic to one of L 2 (13), U 3 (4), U 3 (8) and Sz (8) . They can also be ruled out easily by using the similar methods presented in subsection 3.1.
Lemma 3.8 Theorem 1 holds in case 31.
Proof. In case 31, first we get the unique permutation representation of the HigmanSims simple group G = HS acting on 176 points by using G := PrimitiveGroup(176, 4).
There are two conjugacy classes of subgroups with index 1100, denoted by K 1 and K 2 as representatives. Both K 1 and K 2 have two orbits in their action on the set of points. For K 1 , the orbit-lengths are 8 and 168, and for K 2 , the orbit-lengths are 56 and 120. There is no way to express k = 8 as sum of some orbit-lengths of K 2 . So we only need to consider K 1 . Denote the orbits with lengths 8 and 168 by ∆ 1 and ∆ 2 , respectively. It is easy to find that the block orbit-length |∆ This completes the proof of Theorem 1.
